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Abstract 

■ We introduce the notion of fc-type slant helix in Minkowski space Ef. For 

^"^ | partially null and pseudo null curves in E 4 , we express some characterizations 
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oo ' 1 Introduction 

in ' 

The notion of a slant helix is due to Izumiya and Takeuchi [10]. A curve a with 
non- vanishing curvature is called a slant helix in Euclidean space E 3 if the principal 
normal lines of a make a constant angle with a fixed direction of the ambient space. 
Later, spherical images, the tangent and the binomial indicatrix and some charac- 
terizations of such curves were presented in [12]. Recently, further characterizations 
and position vectors of such curves are given in [3, 13, 15]. 
^ \ In recent years, by the coming of theory of relativity, researchers extended some 

' topics of classical differential geometry to Lorentzian manifolds and there exists an 

extensive literature on this subject. For instance, about general helices on Lorentzian 
geometry, we refer [1, 2, 6, 7, 8, 9, 11, 16]. 

Now we focus in Minkowski 4-dimensional space E 4 , that is, the real vector 
4-dimensional space M 4 equipped with the standard flat metric given by 

g = —dxf + dx\ + dx\ + dx\, 

where (xj, x%, x$, x^] is a rectangular coordinate system in M 4 . A spacelike curve 
a : I C M — > E 4 is called spacelike if the induced metric is Riemannian. For spacelike 
curves parameterized by the length-arc, one has defined a Frenet frame {V\, . . . , V4}, 
where Vi(s) = a'(s). In Minkowski 4-dimensional space E 4 , we extend the concept 
of slant helix as follows: 
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Definition 1.1. Let a : I — > E| be a spacelike curve, with Frenet frame {Vi, V2, V3, V4}. 
We say that a is a fc-type slant helix if there exists a (non-zero) constant vector field 
such that g{Vk+i, U) is constant, for < k < 3. The vector U is called an 
axis of the curve. 

In particular, 0-type slant helices are general helices and 1-type slant helices are 
slant helices. In this work we consider fc-type slant helices for partially null curves 
and pseudo null curves. Recall that a partially null curve is a (spacelike) curve where 
V2 is spacelike and V3 is a lightlike vector. On the other hand, a pseudo null curve 
is a (spacelike) curve if V2 is a lightlike vector. In all cases, we characterize fc-type 
slant helices in terms of the curvatures of the curve and we determine the axis of 
the curve. Next we focus on fc-type pseudo null slant helices in hyperbolic space. 
Finally, we point out that type-3 slant helices in have studied in [16] for those 
curves where the Frenet frame are non-lightlike vectors. 

2 Preliminaries 

The Lorentzian metric g in Minkowski space Ef is indefinite. Therefore a vector 
v £ E^ can have one of the three causal characters. We say that v is spacelike if 
g(v,v) > or v = 0, timelike if g(v,v) < and lightlike (or null) if g(v,v) = and 
v 7^ 0. Similarly, an arbitrary curve a = a(s) in ~E\ is called spacelike, timelike 
or lightlike, if all of its velocity vectors a'(s) are spacelike, timelike or lightlike, 
respectively. The norm of a vector v € E^ is given by \\v\\ = y/\g(y, v)\. Therefore, 
v is a unit vector if g(v, v) = ±1. A (spacelike or timelike) curve is parametrized by 
the arclength is a'(s) is a unit vector for any s. Also, we say that the vectors v,w 
in Ef are orthogonal if g(v, w) = 0. 

Consider a = a(s) a spacelike curve where s is the length-arc parameter. Denote 
by {T(s), N(s), B\(s), B2(s)} the moving Frenet frame along the curve a(s). Then 
T, N, B\, B2 are called the tangent, the principal normal, the first binormal and 
the second binormal vector fields of a, respectively. The fact that the metric g is 
indefinite causes that the vector N, B\ and B2 have different causal characters (here 
T is a spacelike vector, since a is a spacelike curve). 

In this paper we are interesting for partially null curves and pseudo null curves 
(see [17]). A partially null curve is a spacelike curve where is spacelike and B\ is 
lightlike. In such case, the vector B2 is the unique lightlike vector orthogonal to T 
and N such that g(B\,B2) = 1. The Frenet equations are given by ([5, 17]): 
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Here, k, t and a are first, second and third curvature of the curve a, respectively. 
In fact, one can prove that after a null rotation of the ambient space, the curvature 
a can be chosen to be zero (and r is determined up to a constant). This means that 
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any partially null curve lies in a three dimensional lightlike subespace (orthogonal 
to Bi). 

A spacelike curve a(s) is called a pseudo null curve if a"(s) is a lightlike vector 
for any s. Then the normal vector is N = T'. If N' is lightlike, then a is included in a 
lightlike plane: we discard this trivial case. In the rest of cases, B\ is a unit spacelike 
vector orthogonal to {T, N} and B2 is the unique lightlike vector orthogonal to T 
and B\ such that g(N,B2) = 1. The Frenet equations are ([5, 17]): 
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Here the first curvature re can take only two values: re = when the curve is a 
straight-line or re = 1 in all other cases. We will assume non-trivial cases, that is, 
that re = 1, as well as, a, r / 0. The classification of /c-type slant helices that we 
present in this paper corresponds to partially null curves (Section 3) and pseudo 
null curves (Section 4). In the last setting, we also consider pseudo null curves in 
pseudo-hyperbolic space. 

We end this section about some of notation. If U is an axis of an /c-type slant 
helix, we decompose U with respect to the Frenet frame {T, N, B\, B2} as U = 
u\T + U2-/V + U3B1 + U4B2, where Ui = Ui(s) are differentiable functions on s. 



3 /c-type partially null slant helices 

In this section we study /c-type partially null slant helices. Recall that in the Frenet 
equations (1), the value of a is zero. We will assume that re, r ^ 0. In particular, 
B\ is a constant vector. If we take U = B\, then, g(T, U) = g(N, U) = (B±, U) = 
and g(B2, U) = 1. This means that any partially null curve is a /c-type slant helix 
for any k G {0, . . . , 3}. In this section, we discard the trivial case that U = B\. 

Theorem 3.1. Let a be a partially null curve in Ef. Then a is a 0-type slant helix 
(or general helix) if and only if 

T 

— = constant. (3) 
re 

Moreover, a is also a k-type slant helix, for k G {1, 2, 3}. 

Proof. Assume that a is a 0-type slant helix. Then for a constant vector field U, 
the function g(T, U) = c is constant. Differentiating this equation and from Frenet 
equations, we obtain that ng(N, U) = 0. So U is orthogonal to and we decompose 
U as 

U = cT + u 3 B 1 +u 4 B 2 . (4) 
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Differentiating (4) and using the Prenet equations (1), one arrives to 

ere — T U4 = 0, 
< u' 3 = 0, 
k u' A = 0. 

Thus us and U4 are constant. From the first equation, we obtain (3). 

Conversely, suppose that the relation (3) holds. We define the vector field 

U = L T + b 2 . (5) 

K 

Differentiating (5) and considering (3) and (1), we have U' = 0, that is, U is a 
constant vector field. Because g(T, U) = r/re is constant, we have that a is a 0-type 
slant helix. 

Finally, and because the coefficients of U are constant, we have g(Vk+i, U) = 0, 
for any < k < 3, that is, a is a A;-type slant helix. □ 

From the above theorem, we have 
Corollary 3.2. If a is a 0-type partially null slant helix in an axis of a is 

D = -T + Bi + Ba- 
re 

As a particular case of 0-type partially null slant helices are those with re and r 
constant. In such case, a parametrizes as (see [4]) 

a(s) = (cs, — cos(res), — sin(res), cs). 
re re 

Theorem 3.3. Let a be a partially null curve in Ef. Then a is 1-type slant helix 
if and only if, there exists a constant C such that 



r(s) 



[ n(t)dt = 0. (6) 
^0 



k(«) ^0 
Moreover, a is a 1-type slant helix. 

Proof. Assume that a is a 1-type slant helix. There exists a constant vector field U 
such that g(N, U) = c is constant. We decompose U as U = u\T +cN +U3B1+U4B2. 
Differentiation this equation, and using (1), we have the following system of ordinary 
differential equations 

f u\ — ere = 0, 
ku 1 -tu 4 = 0, 

U ' 3 + CT = 0, [ ' 

I < = 0. 

In particular, ua is constant. Then we obtain 

ui = cf° K(t)dt, , g . 
u 3 = -c j*T(t)dt, 
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Using the second equation in (7) together (8), and letting C = — we conclude (6). 

Conversely, assume that the relation (6) holds. Then, let us consider the following 
vector 



U 



([ K (t)dt)T + N -Uf r{t)dt)B 1 + B 2 , 
Jo ^ Jo 



for the real number C given in (6). Differentiating U and using the Frenet equations 
(1), we have U' = 0, that is, U is a constant vector field. Moreover, g(N,U) = 1 
which means that a is a 1-type slant helix. 

Because the coefficient is constant, then g(Bi, U) is constant and then a is a 
2-type slant helix. □ 

As a consequence of the above theorem, we have 

Corollary 3.4. Let a be a partially null curve in ~Ef. If a is a 1-type slant helix, 
then 



D 



= {J ' K{t)dt)T + N -^(J r{t)dt)B 1 + B 2 , 



is a constant vector. 

We now consider 2-type slant helices. 
Theorem 3.5. Let a be a 2-type partially null slant helix. Then an axis of a is 

U = Vl T+ V ±N+(c 3 - J T -v\ da) B 1 + B 2 , 



(9) 



where 



vi(s) = cos j nds ^ci — J rsin f nds ds^j 



+ sin 



f nds ( C2 + / r cos f nds 



ds). 



(10) 



Proof. We know that there exists a constant vector field U such that g(B\, U) = c, 
c is a constant. We decompose U as 

U = ui T + u 2 N + u 3 Bi + c B 2 . 

By differentiating U we have the following system of ordinary differential equations 



u'l — KU 2 = 0, 
U 2 + K U\ — CT = 0, 
k U ' 3 +TU 2 = 0, 



(11) 



From the first equation, we have 



u 2 



= ^ = «'(*), 



(12) 
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where 9 = f n(s)ds is a new variable. Substituting (12) in the second equation of 
the system (11), we have the following ordinary differential equation 

u>l(6)+u 1 (6) = cf(6), 

where f(6) = ^(0). By solving the above equation we obtain 

Ul 
^3 

This gives (9) and (10). 

□ 

Now we study 3-type partially null slant helices. Recall that for partially null 
curves, the vector B\ is constant. 

Theorem 3.6. Let a be a •partially null curve in Ef. If a is a 3-type slant helix, 
then a is a k-type slant helix, for k G {0, 1, 2}. 

Proof. Let U be the constant vector field such that g(B2,U) = c is constant. A 
differentiation of g(B 2 ,U) = c leads to rg(N,U) = 0, that is, g(N,U) = 0. We 
write U as U = u\T + cB\ + u^B 2 . We differentiate U obtaining 

' «i = o, 

< U\K — TUi = 0, 

k < = 0. 

This implies that u\ and K4 are constant, and from the second equation, the quotient 
t/k is constant too. By using Theorem 3.1, a is a 0-type slant helix. 

Moreover, the coefficients of U with respect to the Frenet frame are all constant, 
which means that a is a A;-type slant helix for < k < 3. □ 

As a consequence of the proof of Theorems 3.1, 3.3 and 3.6, we obtain the 
following 

Corollary 3.7. Let a be a partially null curve in Ef. Then a is a 0-type slant helix 
if and only if a is a 3-type slant helix. 

Corollary 3.8. Let a be a partially null curve in E 1 . Assume that there exists a 
constant vector field U such that g(Vk+i, U) = for some k G {0, 1, 3}. Then a is a 
k-type slant helix for any k £ {0, 1, 3}. 

Corollary 3.9. Let a be a partially null curve in E 1 . Assume that the curvatures 
k and t are constant. Then a is a k-type slant helix for k € {0, 1, 3}. 

As consequence of our study, we show a set of relations between fc-type partially 
null slant curves: 
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cos 9\ c\ — f f{6) sin 9 dOJ + sin 9 (c 2 + f f{9) cos 6 d9 
cos 9 (c 2 + / f{6) cos 9 d9^j - sin 9 (ci - / f{9) sin 9 d9 

c 3 -J cos 9 (c 2 + / f{9) cos 9 d9^j - sin 9 (ci - / f{9) sin 



d0 



1 




Figure 1 : The arrows mean the implication between the different of A;- type partially 
null slant helices 

4 /c-type pseudo null slant helices 

In this section we study pseudo null curves that are k-type slant helices. Recall that 
we assume k = 1 in (2). We begin for general helices. 

Theorem 4.1. There does not exist 0-type pseudo null slant helices in . 

Proof. If such curve does exist, there exists a constant vector field U such that 
g(T, U) = c is constant. Differentiating this equation and using the Frenet equations 
(2), we obtain, g(N,U) = 0. Then the decomposition of U in terms of the Frenet 
frame is U = cT + U2 N + U3 B\. As U' = 0, by using the Frenet equations (2), we 
have 

u' 2 + o U3 + c = 0, 
u' 3 + ru 2 = 0, 
r M3 = 

From the third equation, U3 = 0, and thus, U2 = c = 0, that is, U = 0: contradiction. 

□ 

We characterize 1-type pseudo null slant helices as follows: 

Theorem 4.2. Let a be a pseudo null curve in Ef. Then a is 1-type slant helix if 
and only if 

a(s) s 2 , , 

-^ = -- +ae + b . (13) 

for some constants a, b G K. Moreover a is also a 1-type slant helix. 

Proof. Assume that a is a 1-type slant helix and let U be a constant vector field such 
that g(N, U) = c is constant. Differentiation this equation and by Frenet equations, 
Tg(B\,U) = 0, and so, g(Bi,U) = 0. If we write U as linear combination of the 
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Frenet frame, we have U = u±T + U2N + cBi- Differentiating U we obtain the 
following system of ordinary differential equations 



u[ — c = 0, 
u' 2 + u\ = 0, 
t U2 — ca = 0. 

where U{ are the coefficients of U in the decomposition with respect to the Frenet 
frame. If c = 0, u\ = U2 = 0, that is, U = 0: contradiction. Thus, c / 0. From the 
last equation, 112 = c (t) anc ^ f rom the first two equations, U2 satisfies u' 2 ' + c = 0. 
The solution of this equation is 



u 2 = -Cy + As + ^, A,/i6i 

Thus cr/r satisfies the condition (13), with a = A/c and 6 = /u/c. 

Conversely, let us assume that the relation (13) holds. Define the following vector 
field 

U = -(^)'t + (°-)n + B2. (14) 

Differentiating (14), and using (2), we easily have U' = 0, that is, U is a constant 
vector. Moreover, g(N,U) = 1, showing that a is a 1-type slant helix. Finally, as 
g(B\, U) = 0, then a is a 2-type slant helix. □ 

Corollary 4.3. Let a be a 1-type -pseudo null slant helix. Then an axis of a is 

„-e)' r+ (f) W+ *. 

Theorem 4.4. Let a be a pseudo null curve in Ef. Then a is a 2-type slant helix 
if and only if 



I 



rds + 



d_ 
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d I a 



ds \T 



rds 



0. 



(15) 



Proof. If a is a 2-type slant helix, there exists a constant vector U such that 
g(Bi,U) = c is constant. We write U as U = u\T + U2N + cB\ + U4B2. Dif- 
ferentiating U we obtain 

u\ — = 0, 
u' 2 + u\ + ca = 0, 
TU2 — 0-U4 = 0, 

u' 4 — CT = 0. 

Remark that c^0. By solving this system, we conclude from the last equation that 



(16) 
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J t ds, 



•J t ds. 
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Hence together the first two equations of(16), we conclude (15). 
Conversely, assume that (15) holds. Define 



U 



(7 + 



d fa Jr ds 



ds 



T + [' J -^\N + B 1 + 



I 



t ds 



B 2 - (17) 



Considering (15) and differentiating (17), we have by using (2), that U' = 0, that 
is, U is constant. Moreover, g(Bi,U) = 1, which shows that a is a 2-type slant 
helix. □ 

Corollary 4.5. An axis of a 2-type pseudo null slant helix is the vector given by 

d fa J t ds s 



D = 



a 



ds 



, a ( t ds . , 
T + ( ) N + B 1 + 



/ 



r ds 



Bo. 



Theorem 4.6. Let a be a pseudo null curve in Ef. Then a is 3-type slant helix if 
and only if 



Vl + a^ (ar'{l + a 2 ) + ra'{2 - a 2 



T d_ 

^/YTa 2 + dsl T{l + a 2 ) 2 -3tt' 2 + a"{l + a 2 ) 



0. 



(18) 



Proof. Suppose that a is a 3-type slant helix and let U be the constant vector field 
such that g(B2, U) = c is constant. If we write U = u\ T + cN + U3 B\ + U4 B2 , a 
differentiation of this expression leads to 



' v! x — U4 = 0, 
u\ + a u 3 = 0, 
u' 3 + cr — a U4 = 0, 



(19) 



k U' 4 - TU 3 = 0. 

The first and second equation of (19) give 



«4 = U\, 
U 3 = - 



i£l 



Substituting U3 and 1*4 into the two last equations of (19), we have 



>i = 0. 



By the last two expressions of ni, we obtain (18). From the above system of equa- 
tions, we have the following two equations 



Ul 



ca(a T '{l+a 2 )+Ta'{2-a 2 )} 
r(l + a 2 ) 2 - 3aa' + a"{\ + a 2 ) ' 



9 



and 



u\ = — =^= / ds. 



Vl + o 2 J vT + 



a 



2 



Conversely, assume that (18) holds. Then we define the following vector 

U= , a =eT 1 e Bi + ( to ° e)u 2 B 2 , (20) 

where e = J v / 1 ^j_ 2 ^ s - Differentiating of (20), we easily have U' = 0. Moreover one 
obtains g(B 2 , U) = which means that a is a 3-type slant helix. □ 

From the above theorem, one concludes 

Corollary 4.7. If a is a 3-type pseudo null slant helix in E 1; an axis of a is the 
vector 

In/ 

D = eT e B\ + \to~ e uo i32i 

where e = f ,, T 

We end this section focusing into fc-type pseudo null slant helices in the pseu- 
dohyperbolic space. Recall that the pseudohyperbolic space of Ef of radius r and 
centered at xq G Ef is defines by Hq = {x G Ef;g(x — xo,x — xo = — r 2 }. The metric 
^ induced into Hg is Riemannian with constant negative intrinsic curvature. In [5] 
it is proved that a pseudo null curve a lies in Hq if and only if the quotient a/r is 
a negative constant. We particularize our results for pseudo null curves ofHg. As 
consequence of Theorem 4.2, we have 

Corollary 4.8. There does not exist a 1-type pseudo null slant helix in pseudohy- 
perbolic spaces of E^ . 

As a consequence of Theorem 4.4 we have 

Corollary 4.9. If a is a 2-type pseudo null slant helix in Mq, then 

T = XeV^Tc +/xe _ v=K, A,/i G M (21) 

where c is the negative constant given by a = ct. 

Proof. From ([5]) we know that a = ct for some real number c < 0. If we put 
this into (15), we have that r satisfies 2cr" + r = 0, whose solutions are given by 
(21). □ 

If we put a = ct for pseudo null curves in Mq, Theorem 4.6 implies 

Corollary 4.10. If a is a 3-type pseudo null slant helix in Mq, the second curvature 
function t(s) satisfies 



2c 2 tt't'" = ct" 



5t 2 (1 + cV) + c(3r' 2 + 4rr") + cV(2 + cV) + r 3 (l - 15cV 2 ). 
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